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An asymptotic crack-tip solution under conditions of plane strain is developed for a material that
obeys a special form of linear isotropic strain gradient elasticity. In particular, an elastic constitutive
equation of the form s ¼ sð0Þ  ‘2r2sð0Þ is considered, where ðs; eÞ are the stress and strain tensors,
sð0Þ ¼ kekkd þ2le; ðk;lÞ are the Lamé constants, and ‘ is a material length. Both symmetric (mode-I)
and antisymmetric (mode-II) solutions are developed. The asymptotic solution predicts ﬁnite strains at
the crack-tip. The mode-I crack-tip displacement ﬁeld u is of the form
u1 ¼ Ax1 þ ‘ r
‘
 3=2
A1~u11ðh; mÞ þ A2~u12ðh; mÞ½  þ Oðr2Þ;
u2 ¼ Bx2 þ ‘ r
‘
 3=2
A1~u21ðh; mÞ þ A2~u22ðh; mÞ½  þ Oðr2Þ;
where ðx1; x2Þ and ðr; hÞ are crack-tip Cartesian and polar coordinates, respectively, m is Poisson’s ratio, and
ðA;B;A1;A2Þ are dimensionless constants determined by the complete solution of a boundary value prob-
lem. The A- and B-terms above correspond to uniform normal strains parallel ðe11Þ and normal ðe22Þ to the
crack line, which do not contribute to the crack-tip ‘‘energy release rate” (J-integral). Detailed ﬁnite ele-
ment calculations are carried out for an edge-cracked-panel (ECP) loaded by point forces and the asymp-
totic solution is veriﬁed. The region of dominance of the asymptotic solution for the ECP geometry
analyzed is found to be of order ‘/10. The ‘‘energy release rate” is found to decrease with increasing ‘.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
In spite of the fact that classical theories are quite sufﬁcient for
most applications, there is ample experimental evidence which
indicates that, in certain small-scale applications, there is signiﬁ-
cant dependence on additional length/size parameters. Theories
with intrinsic- or material-length-scales ﬁnd applications in the
modeling of size-dependent phenomena. In elasticity, length scales
enter the constitutive equations through the elastic strain energy
function, which in this case depends not only on the strain tensor
but also on gradients of the rotation and strain tensors; in such
cases we refer to ‘‘gradient elasticity” theories. A summary of the
applicability of gradient elasticity to certain micro/nano problems
has been given recently by Aifantis (2009).
Several fracture mechanics problems have been solved in the
past within the framework of strain gradient elasticity. Solutions
for mode-III (anti-plane shear) cracks have been developed by var-ll rights reserved.
echanical Engineering, Uni-
421 074002; fax: +30 2421ious authors (Altan and Aifantis, 1992; Unger and Aifantis, 1995,
2000; Unger et al., 2000; Exadaktylos et al., 1996; Vardoulakis
et al., 1996; Paulino et al., 2003; Chan et al., 2008). A complete
and thorough analysis of the mode-III crack problem has been pre-
sented more recently by Georgiadis (2003). Also Exadaktylos
(1998) developed a solution of the mode-I crack problem by using
an anisotropic strain gradient elasticity theory with surface energy.
The problems of mode-I (opening) and -II crack (in-plane shear)
problems were analyzed by Shi et al. (2000) for a linear version
of the incompressible strain gradient plasticity model of Fleck
and Hutchinson (1997), and by Karlis et al. (2007, 2008) in the con-
text of boundary element analysis.
In this paper, we develop crack-tip asymptotic solutions under
conditions of plane strain (mode-I and mode-II) for a material that
obeys a special form of linear isotropic strain gradient elasticity. In
Sections 2 and 3 the constitutive equations and the boundary value
problem are formulated in the context of strain-gradient elasticity
developed by Mindlin and co-workers in the 1960s (Mindlin, 1964;
Mindlin and Eshel, 1968). The constitutive model is based on an
elastic strain energy density function W, which depends on the
strain tensor e and its spatial gradient re. Then, a stress-like
quantity s and a double-stress-like quantity l^ are introduced:
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oe
; l^ ¼ oW
oðreÞ : ð1Þ
In Section 3 we state a very interesting result due to Mindlin and
Eshel (1968), which appears to have escaped notice in the literature
that followed, namely that the aforementioned stress-like quantity
s (deﬁned as work conjugate to e through (1a)), is different from the
true stress tensor r that is deﬁned the usual way on an inﬁnitesimal
orthogonal parallelepiped as force per unit area and enters the prin-
ciples of conservation of linear and angular momentum. In particu-
lar, Mindlin and Eshel (1968) have shown that
r ¼ s 1
3
2l^  r þr  l^ð Þ: ð2Þ
The particular constitutive model used is similar to that of Aifantis
(1992), Altan and Aifantis (1992) and Ru and Aifantis (1993). In that
model, which is one of the simplest strain gradient models, the
strain energy densityW is chosen so that the resulting s is such that
sr  l^ ¼ sð0Þ  ‘2r2sð0Þ; ð3Þ
where sð0Þ is related to the strain tensor e through the usual rela-
tions of linear isotropic elasticity, i.e., sð0Þij ¼ kekkdij þ 2leij, k and l
are the Lamé constants, dij the Kronecker delta, and ‘ is a material
parameter with dimensions of length. The asymptotic crack-tip
solution under plane strain conditions is developed in Section 4.
Both symmetric (mode-I) and anti-symmetric (mode-II) solutions
are presented. The mode-I and mode-II crack-tip displacement
ﬁelds u are of the form
uI1ðr; hÞ ¼ Ar cos hþ ‘
r
‘
 3=2
A1~u11ðh; mÞ þ A2~u12ðh; mÞ½  þ Oðr2Þ;
uI2ðr; hÞ ¼ Br sin hþ ‘
r
‘
 3=2
A1~u21ðh; mÞ þ A2~u22ðh; mÞ½  þ Oðr2Þ;
and
uII1ðr; hÞ ¼ Cr sin hþ ‘
r
‘
 3=2
B1u11ðh; mÞ þ B2u12ðh; mÞ½  þ Oðr2Þ;
uII2ðr; hÞ ¼ Dr cos hþ ‘
r
‘
 3=2
B1u21ðh; mÞ þ B2u22ðh; mÞ½  þ Oðr2Þ;
where ðr; hÞ are crack-tip polar coordinates, m is Poisson’s ratio, and
ðA;B;A1;A2Þ and ðC;D;B1;B2Þ are dimensionless constants deter-
mined by the complete solution of a boundary value problem. The
A- and B-terms in the mode-I solution correspond to uniform nor-
mal strains parallel ðe11Þ and normal ðe22Þ to the crack line, which
do not contribute to the crack-tip ‘‘energy release rate” (J-integral).
Similarly, the C- and D-terms in the mode-II solution correspond to
a uniform shear strain e12 and in-plane rotation x3; again, the C-
and D-terms do not contribute to the J-integral. In Sections 5 and
6 the J- and J2-integrals are determined in terms of crack-tip quan-
tities. Detailed ﬁnite element calculations for an edge-cracked-pa-
nel (ECP) loaded by point forces are presented in Section 7. The
results of the ﬁnite element calculations validate the developed
asymptotic crack-tip solution. For the ECP geometry analyzed, the
region of dominance of the asymptotic solution is found to be of or-
der ‘/10. The ‘‘energy release rate” is found to decrease with
increasing ‘. The paper closes with a discussion of the possible
use of the asymptotic solution for the development of sound frac-
ture criteria in the context of gradient elasticity.
Standard notation is used throughout. Boldface symbols denote
tensors the orders of which are indicated by the context. The usual
summation convention is used for repeated Latin indices of tensor
components with respect to a ﬁxed Cartesian coordinate system
with base vectors ei ði ¼ 1;2;3Þ. Let a, b, c be vectors, A, B sec-
ond-order tensors, j^; l^ third-order tensors, and C a fourth-order
tensor; the following products are used in the text: ðabÞij ¼ aibj,
ðabcÞijk ¼ aibjck, ða  AÞi ¼ ajAji, ðA  aÞi ¼ Aijaj, ðaAÞijk ¼ aiAjk; A : B ¼AijBij, a  l^ð Þij ¼ akl^kij, l^  að Þij ¼ l^ijkak; j^ : l^ ¼ j^ijkl^ijk, ðA : CÞij ¼
AklCklij, ðC : AÞij ¼ CijklAkl, and j^ : Cð Þijk ¼ j^ipqCpqjk.
2. The constitutive model
Let u(x) be the displacement ﬁeld in a continuum, where x is
the position vector of a material point. We make the usual assump-
tion of ‘‘inﬁnitesimal displacement gradients oui=oxj” and deﬁne
the inﬁnitesimal strain , inﬁnitesimal rotation X, and inﬁnitesi-
mal strain gradient j^ tensors as follows:
e ¼ 1
2
ðurþruÞ or eij ¼ eji ¼ 12 ðuioj þ oiujÞ ¼
1
2
ðui;j þ uj;iÞ; ð4Þ
X ¼ 1
2
ðurruÞ or Xij ¼ Xji ¼ 12 ðuioj  oiujÞ ¼
1
2
ðui;j  uj;iÞ;
ð5Þ
and
j^ ¼ re or j^ijk ¼ j^ikj ¼ oiejk ¼ ejk;i; ð6Þ
where a comma followed by a subscript denotes partial differentia-
tion with respect to the corresponding spatial coordinate, i.e.,
A;i ¼ oiA ¼ oA=oxi, and eijk is the alternating symbol.
We deﬁne also the stress-like s and double-stress-like l^
quantities:
s ¼ C : e ¼ e : C and l^ ¼ ‘2j^ : C ¼ ‘2rs; ð7Þ
or
sij ¼ Cijklekl and l^ijk ¼ ‘2j^ipqCpqkl ¼ ‘2sjk;i; ð8Þ
where C is the constant fourth-order elasticity tensor with the usual
major ðCijkl ¼ CklijÞ and minor ðCijkl ¼ Cjikl ¼ CijlkÞ symmetries, and ‘ a
material length scale.
Note that
sr  l^ ¼ C : ðe ‘2r2eÞ; ð9Þ
which is formally similar to the expression used for the stress ten-
sor by Aifantis (1992) and Altan and Aifantis (1992) in their version
of a gradient isotropic elasticity theory.
The corresponding elastic strain energy density W can be writ-
ten as (Mindlin, 1964; Mindlin and Eshel, 1968)
W ¼ 1
2
s : eþ 1
2
l^ : j^ ¼ 1
2
s : eþ ‘
2
2
rs : re; ð10Þ
or
Wðe; j^Þ ¼ 1
2
ðe : CÞ : eþ ‘
2
2
j^ : Cð Þ : j^
¼ 1
2
eijCijklekl þ ‘
2
2
j^ipqCpqklj^ikl; ð11Þ
so that
sij ¼ sji ¼ oWðe; j^Þoij and l^ijk ¼ l^ikj ¼
oWðe; j^Þ
oj^ijk
: ð12Þ
In the following, we use the isotropic version of the above model in
which
Cijkl ¼ kdijdkl þ lðdikdjl þ dildjkÞ; ð13Þ
where k and l are the Lamé constants, so that
Wðe; j^Þ ¼ k
2
eiiejj þ leijeij þ ‘2 k2 j^ippj^iqq þ lj^ijkj^ijk
 
: ð14Þ
An equivalent alternative formulation (Mindlin and Eshel, 1968)
would be to write Wðe; j^Þ  Wðe; j; jÞ where
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and
jijk ¼ 13 ðui;jk þ uj;ki þ uk;ijÞ ¼
1
3
j^ijk þ j^jki þ j^kij
 
; ð16Þ
so that
j^ijk ¼ jijk þ 13 eikpjjp þ
1
3
eijpjkp; ð17Þ
and deﬁne
lij ¼ o
W
ojij
¼ oW
oj^pqr
oj^pqr
ojij
¼ 2
3
l^pqiepqj; ð18Þ
and
lijk ¼ o
W
ojijk
¼ oW
oj^pqr
oj^pqr
ojijk
¼ 1
3
l^ijk þ l^jki þ l^kij
 
: ð19Þ
The expression Wðe; j; jÞ equivalent to (14) is
Wðe; j; jÞ ¼ k
2
eiiejj þ leijeij þ ‘2 2ðkþ 3lÞ9 jijjij 
2k
9
jijjji

þ k
2
jiijjkkj þ ljijkjijk þ 2k3 eijkjij
jkpp
	
: ð20Þ
Yet another equivalent alternative formulation (Mindlin and Eshel,
1968) would be to write Wðe; j^Þ  ~Wðe; ~jÞ where
~jijk ¼ uk;ij; ð21Þ
so that
j^ijk ¼ 12 ~jijk þ ~jikj
 
; ð22Þ
and deﬁne
~lijk ¼ o
~W
o~jijk
¼ oW
oj^pqr
oj^pqr
o~jij
¼ 1
2
l^ijk þ l^jik
 
: ð23Þ
The expression ~Wðe; ~jÞ equivalent to (14) is (see also Amanatidou
and Aravas, 2002)
~Wðe; ~jÞ ¼ k
2
eiiejj þ leijeij þ ‘
2
2
k~jipp~jiqq þ l~jijk ~jijk þ ~jkji
 
 
: ð24Þ3. The boundary value problem
The corresponding quasi-static boundary value problem is de-
ﬁned (Mindlin, 1964; Mindlin and Eshel, 1968) by the quasi-static
equilibrium equations
r  sr  l^ð Þ þ F ¼ 0; ð25Þ
the constitutive equations
s ¼ C : e ¼ C : ru; l^ ¼ ‘2rs; ð26Þ
and the boundary conditions
nj sji  l^kji;k
  Dj nkl^kji þ ðDpnpÞnjnkl^kji ¼ P^i on SPi ; ð27Þ
ui ¼ u^i on Sui ; ð28Þ
njnkl^kji ¼ R^i on SRi ; ð29Þ
Dui ¼ g^i on SDui ; ð30Þ
where F is the body force per unit volume, S is the smooth surface of
the body under consideration, D ¼ n  r the normal derivative on S,
D ¼ r nD the ‘‘surface gradient” on S, u^; P^; g^; R^
 
are known func-
tions, SPi [ Sui ¼ S; SPi \ Sui ¼ ;; SRi [ SDui ¼ S; and SRi \ SDui ¼ ;.Next we introduce the quantity
p ¼ r  l^; ð31Þ
so that the boundary value problem can be written as a ﬁrst-order
system of partial differential equations for ðu; s; l^;pÞ as follows:
r  ðs pÞ þ F ¼ 0; ð32Þ
p ¼ r  l^; ð33Þ
s ¼ C : ru; ð34Þ
l^ ¼ ‘2rs; ð35Þ
with boundary conditions
n  ðs pÞ  D n  l^ð Þ þ ðD  nÞn  n  l^ð Þ ¼ P^ on SPi ; ð36Þ
u ¼ u^ on Sui ; ð37Þ
n  n  l^ð Þ ¼ R^ on SRi ; ð38Þ
Du ¼ g^ on SDui : ð39Þ3.1. Auxiliary and ‘‘true” tractions
3.1.1. The auxiliary (mathematical) tractions
Mindlin and Eshel (1968) deﬁne the ‘‘auxiliary tractions”
P^ and R^ so that the variation of work done by the external forces
is given byZ
V
dWdV ¼
Z
V
ðFiui þUijduj;iÞdV þ
Z
S
P^idui þ R^iDdui
 
dS; ð40Þ
where V is the volume of the material bounded by the smooth sur-
face S, andU has dimensions of double-force per unit volume and is
work-conjugate to ru. Then, it follows that
P^ ¼ n  ðsr  l^UÞ  D  n  l^ð Þ
þ ðD  nÞn  n  l^ð Þ and R^ ¼ n  n  l^ð Þ: ð41Þ
P^ and R^ are the appropriate quantities to be used in the formulation
of the boundary conditions of the boundary value problem.
3.1.2. The Bleustein tractions
Bleustein (1967) writes the variation of the work done by the
external forces in the formZ
V
dWdV ¼
Z
V
ðFidui þUijduj;iÞdV þ
Z
S
ðtBi dui þ Tijduj;iÞdS; ð42Þ
where tB and T have dimensions of force and double-force per unit
area and are work-conjugate to u and ru, respectively. Bleustein
(1967) has shown that, the traction tB is determined by
tB ¼ n  ðsr  ~lUÞ  D  n  ~l Tð Þ; ð43Þ
where ~l is deﬁned in Eq. (23).
3.1.3. The ‘‘true” tractions
Mindlin and Eshel (1968) consider the standard true stress vec-
tor t and true couple-stress vector m, deﬁned the usual way as
force and moment per unit area. Then, the standard argument of
force and moment equilibrium of an inﬁnitesimal tetrahedron
leads to the well know relations
t ¼ n  r and m ¼ n  l; ð44Þ
where n is the unit vector normal to the inﬁnitesimal area, and
ðr;lÞ are the usual stress and couple-stress second-order tensors.
The principles of conservation of linear and angular momentum
lead to the well known equations
r  rþ F ¼ 0 and ðr  lÞi þ eijkrjk þ Ci ¼ 0; ð45Þ
where C is the body moment per unit volume.
xx
r
θ
2
1
Fig. 1. Crack-tip Cartesian and polar coordinates.
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ical interpretation, s and l^ are introduced in the constitutive model
as conjugate quantities to e and j^, i.e.,
sij ¼ sji ¼ oWðe; j^Þoij and l^ijk ¼ l^ikj ¼
oWðe; j^Þ
oj^ijk
; ð46Þ
and their physical interpretation is not as clear.
Mindlin and Eshel (1968) adopt the following principle of con-
servation of energy:
Z
V
_WdV ¼
Z
V
ðFi _ui þUðijÞ _eij þ Ci _xiÞdV
þ
Z
S
ti _ui þmi _xi þ ni lijk _ejk
 
dS; ð47Þ
where a superposed dot denotes differentiation with respect to
time, UðijÞ are the components of the symmetric part of
U; _xi ¼  12 eijk _Xjk are the components of the axial vector of _X, and
l is deﬁned in Eq. (19). Note that the components of the antisym-
metric part of U are deﬁned as U½ij ¼ 12 eijkCk or Ci ¼ eijkU½jk, so that
UðijÞ _eij þ Ci _xi ¼ Uij _uj;i. Using the energy equation (47) together with
the equilibrium equation (45), Mindlin and Eshel (1968) have
shown that the true stresses and couple-stresses r and l are related
to s; l and l (where l and l are deﬁned in (18) and (19)) through
the following relations (see also Germain, 1972, 1973a,b):
rðijÞ ¼ sij  lkij;k UðijÞ; r½ij ¼ 12 eijkðlpk;p þ CkÞ; lij ¼ lij;
ð48Þ
where rðijÞ and r½ij are the components of the symmetric and anti-
symmetric parts of r. Using the above equations and taking into ac-
count that lij ¼ 23 l^pqipqj and lijk ¼ 13 l^ijk þ l^jki þ l^kij
 
(see
equations (18) and (19)), we conclude that
rij ¼ sij  13 ð2l^ijk;k þ l^kij;kÞ Uij and lij ¼
2
3
l^pqiepqj: ð49Þ
The above expression for r can be written also as
r ¼ s 1
3
2l^  r þr  l^ð Þ U; ð50Þ
where l^  rð Þij ¼ l^ijkok ¼ l^ijk;k, and r  l^ð Þij ¼ okl^kij ¼ l^kij;k ¼ pij.
Note that the true stress tensor r and the true couple-stress tensor
l are, in general, non-symmetric.
For the plane strain problems considered here, the components
of Eq. (45) that are not satisﬁed identically can be written as
orrr
or
þ 1
r
orhr
oh
þ rrr  rhh
r
þ Fr ¼ 0;
orrh
or
þ 1
r
orhh
oh
þ rrh þ rhr
r
þ Fh ¼ 0; ð51Þ
and
olr3
or
þ 1
r
lr3 þ
olh3
oh
 
þ rrh  rhr þ C3 ¼ 0; ð52Þ
where x3 is the coordinate axis normal to the plane of deformation.
At the risk of becoming redundant, we emphasize once again
that the force and moment per unit area are deﬁned by
t ¼ n  r and m ¼ n  l, and not by P^; tB and R^ (see also Mindlin
and Eshel (1968, p. 124)).
4. Plane strain asymptotic crack-tip solution
We look for asymptotic solutions as r ! 0 of Eqs. (32)–(35) near
a crack-tip under plane strain conditions ðu3 ¼ 0Þ. Let ðr; hÞ becrack-tip polar coordinates as shown in Fig. 1. Traction free crack
faces are considered, i.e., the crack-tip boundary conditions are
P^ðr;pÞ ¼ 0; R^ðr;pÞ ¼ 0; ð53Þ
which, in view of (36) and (38), imply that
l^hhr ¼ l^hhh ¼ 0 and srh  prh 
ol^hrr
or
¼ shh  phh ¼ 0
on h ¼ p: ð54Þ
Also zero body forces F and zero body double-forcesU are assumed.
Using dimensional analysis, we can show readily that the crack-tip
solution is of the form
u ¼ ‘u_ r
‘
; h; m
 
; s ¼ E s_ r
‘
; h; m
 
; l^ ¼ ‘E l_ r
‘
; h; m
 
;
p ¼ E p_ r
‘
; h; m
 
; ð55Þ
where all functions with a superposed _ are dimensionless.
We look for a variable-separable asymptotic solution of the
form
u ¼ ‘ r
‘
 s
uð0Þðh; mÞ; s ¼ E r
‘
 s1
sð0Þðh; mÞ; ð56Þ
l^ ¼ ‘E r
‘
 s2
lð0Þðh; mÞ; p ¼ E r
‘
 s3
pð0Þðh; mÞ; ð57Þ
as ðr=‘Þ ! 0, where the exponent s and the dimensionless functions
uð0Þ; sð0Þ; lð0Þ; and pð0Þ are to be determined.
Note that the elastic strain energy density W deﬁned in (14) is
now
Oðr2ðs2ÞÞ if j^–0; and Oðr2ðs1ÞÞ if j^ ¼ 0: ð58Þ
For the elastic strain energy to remain bounded in the crack-tip re-
gion, the exponent s must satisfy the restrictions:
sP
3
2
if j^–0; and sP
1
2
if j^ ¼ 0: ð59Þ
It is convenient to work in terms of the polar components of the
quantities involved. The expressions that deﬁne the components
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nates are given in Appendix A.
Substituting (56) and (57) into the ﬁeld equations (32)–(35) we
end up with a system of 14 linear equations which, together with
the boundary conditions (54), form a linear ﬁrst order eigenprob-
lem that deﬁnes the exponent s and the 14 unknown eigenfunc-
tions uð0Þr ;u
ð0Þ
h
 
, sð0Þrr ; sð0Þhh ; s
ð0Þ
rh
 
, lð0Þrrr ;lð0Þrhh;l
ð0Þ
rrh;l
ð0Þ
hrr ;l
ð0Þ
hhh;l
ð0Þ
hrh
 
, and
pð0Þrr ; p
ð0Þ
hh ; p
ð0Þ
rh
 
.
Six of these 14 unknown functions enter the system of equa-
tions in algebraic form, i.e., no derivatives of these functions appear
in the equations. These 6 eigenfunctions can be eliminated from
the system of equations. In particular, we ﬁnd that
rð0Þrr ¼
suð0Þr þ mð1þ mÞrð0Þhh
1 m2 ; ð60Þ
lð0Þrrr ¼ ðs 1Þrð0Þrr ; ð61Þ
lð0Þrhh ¼ ðs 1Þrð0Þhh ; ð62Þ
lð0Þrrh ¼ ðs 1Þrð0Þrh ; ð63Þ
lð0Þhrr ¼
suð0Þ0r þ mð1þ mÞrð0Þhh
1 m2  r
ð0Þ
rh ; ð64Þ
pð0Þrr ¼
pð0Þhh  pð0Þ0rh
s 2 for s–2; ð65Þ
where a prime denotes differentiation with respect to h.
For s–2, the remaining 8 linear differential equations can be
written in compact form as
x0ðhÞ ¼ Aðs; mÞ  xðhÞ; ð66Þ
where
A¼
0 1s 0 2ð1þmÞ 0 0 0 0
1mþsm1m 0 1 2m
2
1m 0 0 0 0 0
0 0 0 2 1 0 0 0
 s1m2 0 12m1m 0 0 1 0 0
0 0 ðs1Þ2 0 0 2 1 0
0 sðs1Þ1m2 0 ðs1Þ½1þmþsð1mÞ1m 12m1m 0 0 1
0 0 0 0 0 0 0 1s
sðs1Þðs2Þ2ð1þmÞð1mÞ2 0
ðs1Þðs2Þ2 ð12mÞ
ð1mÞ2 0 0 
2ðs2Þ2
1m
3þmþsð2mÞ
1m 0
2
6666666666666664
3
7777777777777775
;
ð67Þ
and
xðhÞ ¼ uð0Þr uð0Þh rð0Þhh rð0Þrh lð0Þhhh lð0Þhrh pð0Þhh pð0Þrh
n oT
: ð68Þ
The boundary conditions (54) yield to leading order
lð0Þhrh ¼ lð0Þhhh ¼ 0 and pð0Þrh þ ðs 2Þlð0Þhrr ¼ pð0Þhh ¼ 0
on h ¼ p: ð69Þ
Formally, the solution of (66) can be written in the form
xðhÞ ¼ expðhAÞ  xð0Þ: ð70Þ
However, the analytic calculation of expðhAÞ is practically impossi-
ble, except for special simple cases. Therefore, we proceed in the
development of solution by using standard techniques (e.g., see
Boyce and Diprima, 2001) that require the calculation of the eigen-
values and eigenvectors of A.
The eigenvalues and eigenvectors of A are evaluated easily by
usingMATHEMATICA (Wolfram, 2003), and are listed inAppendix B.
The eigenvalues of A are all imaginary conjugate pairs and are
given by
r1 ¼ r5 ¼ iðsþ 1Þ; r2 ¼ r3 ¼ r6 ¼ r7 ¼ iðs 1Þ;
r4 ¼ r8 ¼ iðs 3Þ: ð71Þ
The corresponding eigenvector niðs; mÞ ði ¼ 1;8Þ are complex conju-
gate pairs and are listed in Appendix B.Close examination of the aforementioned eigenproblem shows
that the special cases s ¼ 0; s ¼ 1; s ¼ 2; s ¼ 3 and s2  7s
þ8ð2 mÞ ¼ 0 require special treatment.We proceed assuming that
s–0; s–1; s–2; s–3; and s2  7sþ 8ð2 mÞ–0: ð72Þ
We emphasize though that the special case s = 1 has a very impor-
tant and interesting contribution to the solution of the original sys-
tem of differential equation (66); the case s = 1 is examined
separately in Section 4.3.
The general solution of (66) can be written as a linear combina-
tion of the real and imaginary parts of
erihniðs; mÞ; i ¼ 1;2;3;4: ð73Þ
In view of (71), we can write rk ¼ ilk and nk ¼ vk þ iwk, so that
erkhnk ¼ cosðlkhÞvk  sinðlkhÞwk þ i½sinðlkhÞvk þ cosðlkhÞwk:
ð74Þ
Then, the general solution of (66) can be written in the form
xðh; s; mÞ ¼
X8
k¼1
cigiðh; s; mÞ; ð75Þ
where the ci’s are dimensionless constants, and the giðh; s; mÞ are de-
ﬁned as follows:
g1 ¼
ð1þ mÞ cos½ðsþ 1Þh
ð1þ mÞ sin½ðsþ 1Þh
s cos½ðsþ 1Þh
s sin½ðsþ 1Þh
sðs 1Þ sin½ðsþ 1Þh
sðs 1Þ cos½ðsþ 1Þh
0
0
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
; g2 ¼
ð1þ mÞ sin½ðsþ 1Þh
ð1þ mÞ cos½ðsþ 1Þh
s sin½ðsþ 1Þh
s cos½ðsþ 1Þh
sðs 1Þ cos½ðsþ 1Þh
sðs 1Þ sin½ðsþ 1Þh
0
0
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
;
ð76Þ
g3¼
ð1þmÞð12mÞcos½ðs1Þh
ð1þmÞð12mÞsin½ðs1Þh
scos½ðs1Þh
0
sðs1Þsin½ðs1Þh
0
0
0
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
; g4¼
ð1þmÞð12mÞsin½ðs1Þh
ð1þmÞð12mÞcos½ðs1Þh
ssin½ðs1Þh
0
sðs1Þcos½ðs1Þh
0
0
0
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
;
ð77Þ
g5¼
2ðs1Þð1m2Þcos½ðs1Þh
2ð1mþsmÞð1þmÞsin½ðs1Þh
0
sðs1Þsin½ðs1Þh
2sðs1Þsin½ðs1Þh
sðs1Þðs3Þcos½ðs1Þh
4sðs1Þðs2Þcos½ðs1Þh
4sðs1Þðs2Þsin½ðs1Þh
8>>>>>>>><
>>>>>>>>:
9>>>>>>>>=
>>>>>>>>;
; g6¼
2ðs1Þð1m2Þsin½ðs1Þh
2ð1mþsmÞð1þmÞcos½ðs1Þh
0
sðs1Þcos½ðs1Þh
2sðs1Þcos½ðs1Þh
sðs1Þðs3Þsin½ðs1Þh
4sðs1Þðs2Þsin½ðs1Þh
4sðs1Þðs2Þcos½ðs1Þh
8>>>>>>>><
>>>>>>>>:
9>>>>>>>>=
>>>>>>>>;
;
ð78Þ
g7 ¼
ð7 s 8mÞð1þ mÞ cos½ðs 3Þh
ð5þ s 8mÞð1þ mÞ sin½ðs 3Þh
ð8 s s2  8mÞ cos½ðs 3Þh
ð8 3sþ s2  8mÞ sin½ðs 3Þh
ðs 1Þð8þ 3s s2  8mÞ sin½ðs 3Þh
ðs 1Þð16 7sþ s2  8mÞ cos½ðs 3Þh
8ðs 1Þ2ðs 2Þ cos½ðs 3Þh
8ðs 1Þðs 2Þðs 3Þ sin½ðs 3Þh
8>>>>>>><
>>>>>>>>:
9>>>>>>>=
>>>>>>>>;
; ð79Þ
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g8 ¼
ð7 s 8mÞð1þ mÞ sin½ðs 3Þh
ð5þ s 8mÞð1þ mÞ cos½ðs 3Þh
ð8 s s2  8mÞ sin½ðs 3Þh
ð8 3sþ s2  8mÞ cos½ðs 3Þh
ðs 1Þð8þ 3s s2  8mÞ cos½ðs 3Þh
ðs 1Þð16 7sþ s2  8mÞ sin½ðs 3Þh
8ðs 1Þ2ðs 2Þ sin½ðs 3Þh
8ðs 1Þðs 2Þðs 3Þ cos½ðs 3Þh
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
: ð80Þ
The eigenvalue s is determined from the boundary conditions (69),
and this completes the solution. In the following we determine s
for the cases of symmetric and antisymmetric solutions with re-
spect to the crack line. In view of the linearity of the problem,
the general plane strain solution is a linear combination of these
two solutions.
4.1. Symmetric solutions (mode-I)
We look for solutions that are symmetric with respect to the
crack line, i.e., such that
urðr;hÞ ¼ urðr;hÞ and uhðr;hÞ ¼ uhðr;hÞ: ð81Þ
These conditions require that c2 ¼ c4 ¼ c6 ¼ c8 ¼ 0. Then the
boundary conditions (69) yield
ðs 1Þ½c1sþ c3s 2c5s2  c7ð8 8mþ 3s s2Þ sinðspÞ ¼ 0; ð82Þ
ðs 1Þ½c1sþ c5sðs 3Þ þ c7ð16 8m 7sþ s2Þ cosðspÞ ¼ 0; ð83Þ
ðs 1Þðs 2Þ½c5s 2c7ðs 1Þ cosðspÞ ¼ 0; ð84Þ
ðs 1Þðs 2Þ½c1s c3sþ 2c5s2  c7ð8 8mþ 3s s2Þ sinðspÞ ¼ 0:
ð85Þ
We take into account the inequalities (72) and look for solutions of
Eqs. (82)–(85) that correspond to non-zero strain gradient j, which
requires that sP 3=2 (see (59)). The common solution of (82)–(85)
that corresponds to the smallest possible s is
s ¼ 3
2
; c5 ¼ 25 c3; and c7 ¼
6
5
5c1 þ c3
41 32m : ð86Þ
This means that the ﬁnal form of the symmetric asymptotic crack-
tip solution involves two undetermined constants, namely
c1 and c3. In order to simplify the physical interpretation of these
constants in the asymptotic solution we introduce two new dimen-
sionless constants A1 and A2 by setting
c1 ¼ 3ð43 32mÞA1  2ð51þ 32mÞA2192ð1 m2Þ ;
c3 ¼ 5ð3A1  10A2Þ96ð1 m2Þ : ð87Þ
Then the asymptotic solution for the displacement ﬁeld that corre-
sponds to s ¼ 3=2 takes the form
ur ¼ ‘96ð1 mÞ
r
‘
 3=2
f3ð41 48mÞA1  2ð57 80mÞA2
 4½ð57 60mÞA1  2ð21 20mÞA2 cos hþ ½3ð43
 32mÞA1  2ð51 32mÞA2 cos 2hg cos h2 ; ð88Þ
anduh ¼ ‘96ð1 mÞ
r
‘
 3=2
f3ð7 16mÞA1  2ð39 48mÞA2
 4½3ð1þ 4mÞA1  2ð3þ 4mÞA2 cos h ½3ð43 32mÞA1
 2ð51 32mÞA2 cos 2hg sin h2 ; ð89Þ
and one can show readily that
A1 ¼ lim
r!0
uhðr;pÞ
‘ðr=‘Þ3=2
; A2 ¼ lim
r!0
x3ðr;pÞﬃﬃﬃﬃﬃﬃﬃ
r=‘
p ; ð90Þ
where
x3 ¼ Xrh ¼ 12
ouh
or
þ uh
r
 1
r
our
oh
 
ð91Þ
is the in-plane inﬁnitesimal rotation.
For an open mode-I crack, it is required that
u2ðr;pÞ ¼ uhðr;pÞ ¼ A1‘ r
‘
 3=2
> 0) A1 > 0: ð92Þ
Using the crack-tip asymptotic displacement ﬁeld (88) and (89) we
can deﬁne the rest of the asymptotic solution by using sequentially
the formulae
e ¼ 1
2
ðurþruÞ; s ¼ C : e; j^ ¼ re; l^ ¼ ‘2rs; p ¼ r  l^:
ð93Þ
The asymptotic solution corresponding to s = 3/2 is reported in
Appendix C.
4.2. Antisymmetric solutions (mode-II)
We look for solutions that are antisymmetric with respect to the
crack line, i.e., such that
urðr;hÞ ¼ urðr;hÞ and uhðr;hÞ ¼ uhðr;hÞ: ð94Þ
These conditions require that c1 ¼ c3 ¼ c5 ¼ c7 ¼ 0. Then the
boundary conditions (69) yield
ðs 1Þ½c2sþ c6sðs 3Þ þ c8ð16 8m 7sþ s2Þ sinðspÞ ¼ 0; ð95Þ
ðs 1Þ½c2sþ c4s 2c6s c8ð8 8mþ 3s s2Þ cosðspÞ ¼ 0; ð96Þ
ðs 1Þðs 2Þ½c2s c4sþ 2c6s2 þ c8ð8 8mþ 3s s2Þ cosðspÞ ¼ 0;
ð97Þ
ðs 1Þðs 2Þ½c6sþ 2c8ðs 1Þ sinðspÞ ¼ 0: ð98Þ
Again we look for solutions of (95)–(98) that satisfy (72) and the
constraint sP 3=2 (see (59)). Then, the common solution of (95)–
(98) that corresponds to the smallest possible s is
s ¼ 3
2
; c6 ¼  4c237 32m ; and c7 ¼ 
6c2
37 32m : ð99Þ
This means that the ﬁnal form of the symmetric asymptotic crack-
tip solution involves again two undetermined constants, namely
c2 and c4. In order to simplify the physical interpretation of these
constants in the asymptotic solution we introduce two new dimen-
sionless constants B1 and B2 by setting
c2 ¼ ð37 32mÞð3B1 þ 2B2Þ192ð1 m2Þ ;
c4 ¼ 15ð1 2mÞB1 þ 2ð37 42mÞB272ð1 m2Þð1 2mÞ : ð100Þ
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sponds to s = 3/2 takes the form
ur ¼  ‘12
r
‘
 3=2
½ð1 16mÞB1  8B2  4ð1þ 4mÞB1 cos h
 ð37 32mÞB1 cos 2h sin h2 ; ð101Þ
and
uh ¼ ‘12
r
‘
 3=2
½ð47 48mÞB1  8B2  ð19 20mÞB1 cos h
þ ð37 32mÞB1 cos 2h cos h2 ; ð102Þ
and one can show readily that
B1 ¼ lim
r!0
eðs¼3=2Þrh ðr; 0Þﬃﬃﬃﬃﬃﬃﬃ
r=‘
p ; B2 ¼ lim
r!0
xðs¼3=2Þ3 ðr;0Þﬃﬃﬃﬃﬃﬃﬃ
r=‘
p ; ð103Þ
where the superscript (s = 3/2) denotes that the asymptotic term
corresponding to s = 3/2 is considered. As will be seen in the section
that follows, a different deﬁnition is required when the complete
asymptotic solution is considered (see Eq. (123) below).
The rest of the asymptotic solution corresponding to s = 3/2 is
derived from Eq. (93) and is reported in Appendix D.
4.3. The special case s = 1
For s = 1, the matrix A in Eq. (67) takes a simple form and the
exponential expðhAÞ can be evaluated easily by using MATHEMAT-
ICA (Wolfram, 2003). The general solution of (66) is written as
xðhÞ ¼ expðhAÞ  xð0Þ: ð104Þ
Next we apply the crack-tip boundary conditions as in Sections 4.1
and 4.2. The resulting crack-tip asymptotic solution is as follows:Symmetric mode
u1 ¼ Ax1; u2 ¼ Bx2; ð105Þ
e11 ¼ A; e22 ¼ B; e12 ¼ x3 ¼ 0; j^ ¼ 0: ð106Þ
Antisymmetric mode
u1 ¼ ðC  DÞx2; u2 ¼ ðC þ DÞx1; ð107Þ
e11 ¼ e22 ¼ 0; e12 ¼ C; x3 ¼ D; j^ ¼ 0; ð108Þ
where ðx1; x2Þ ¼ ðr cos h; r sin hÞ are crack-tip Cartesian coordinates
(Fig. 1),and ðA;B; C;DÞ are arbitrary dimensionless constants.
Recall that, when j^ ¼ 0, the condition for bounded strain energy
in the crack-tip region is that sP 1=2. Therefore, the value s = 1 is
an acceptable eigenvalue, since the corresponding displacement
ﬁeld is such that j^ ¼ 0. What makes the above solution interesting
is that it provides the dominant term as r ! 0 in the asymptotic
solution, which is now written as follows.Symmetric mode
u1 ¼ Ar cos hþ ‘ r
‘
 3=2
A1u
ð0ÞI
11 ðh; mÞ þ A2uð0ÞI12 ðh; mÞ
h i
þ Oðr2Þ; ð109Þ
u2 ¼ Br sin hþ ‘ r
‘
 3=2
A1u
ð0ÞI
21 ðh; mÞ þ A2uð0ÞI22 ðh; mÞ
h i
þ Oðr2Þ; ð110Þ
e11 ¼ Aþ
ﬃﬃ
r
‘
r
A1eð0ÞI111ðh; mÞ þ A2eð0ÞI112ðh; mÞ
h i
þ OðrÞ; ð111Þ
e22 ¼ Bþ
ﬃﬃ
r
‘
r
A1eð0ÞI221ðh; mÞ þ A2eð0ÞI222ðh; mÞ
h i
þ OðrÞ; ð112Þ
e12 ¼
ﬃﬃ
r
‘
r
A1eð0ÞI121ðh; mÞ þ A2eð0ÞI122ðh; mÞ
h i
þ OðrÞ; ð113Þx3 ¼
ﬃﬃ
r
‘
r
A1xð0ÞI31 ðh; mÞ þ A2xð0ÞI32 ðh; mÞ
h i
þ OðrÞ: ð114Þ
The quantities with superscripts (0)I denote the asymptotic mode-I
solution derived in section and (4.1) above, and
A ¼ lim
r!0
e11; B ¼ lim
r!0
e22: ð115Þ
Both the leading and the second order terms of the asymptotic
mode-I crack-tip solution involve each two arbitrary constants,
namely (A,B) and ðA1;A2Þ, that cannot be determined from the
asymptotic solution. The values of these constants are determined
from the complete solution of the boundary value problem under
consideration.
Antisymmetric mode: The situation is similar in mode-II, where
again the ﬁrst two terms in the of the asymptotic crack-tip solution
involve each two arbitrary constants, namely (C,D) and ðB1;B2Þ:
u1 ¼ Cr sin hþ ‘ r
‘
 3=2
B1u
ð0ÞII
11 ðh; mÞ þ B2uð0ÞII12 ðh; mÞ
h i
þ Oðr2Þ; ð116Þ
u2 ¼ Dr cos hþ ‘ r
‘
 3=2
B1u
ð0ÞII
21 ðh; mÞ þ B2uð0ÞII22 ðh; mÞ
h i
þ Oðr2Þ; ð117Þ
e11 ¼
ﬃﬃ
r
‘
r
B1eð0ÞII111 ðh; mÞ þ B2eð0ÞII112 ðh; mÞ
h i
þ OðrÞ; ð118Þ
e22 ¼
ﬃﬃ
r
‘
r
B1eð0ÞII221 ðh; mÞ þ B2eð0ÞII222 ðh; mÞ
h i
þ OðrÞ; ð119Þ
e12 ¼ C þ
ﬃﬃ
r
‘
r
B1eð0ÞII121 ðh; mÞ þ B2eð0ÞII122 ðh; mÞ
h i
þ OðrÞ; ð120Þ
x3 ¼ Dþ
ﬃﬃ
r
‘
r
B1xð0ÞII31 ðh; mÞ þ B2xð0ÞII32 ðh; mÞ
h i
þ OðrÞ: ð121Þ
The quantities with superscripts (0)II denote the asymptotic mode-
II solution derived in section and (4.2) above, and
C ¼ lim
r!0
e12; D ¼ lim
r!0
x3: ð122Þ
In view of the C- and D-terms in the expressions for e12 and x3
in the antisymmetric solution, the deﬁnitions of B1 and B2 given in
(103) can be written also as
B1 ¼ lim
r!0
erhðr; 0Þ  Cﬃﬃﬃﬃﬃﬃﬃ
r=‘
p and B2 ¼ lim
r!0
x3ðr; 0Þ þ Dﬃﬃﬃﬃﬃﬃﬃ
r=‘
p : ð123Þ
Using the complete asymptotic solution (109)–(121), we show
readily that, as r ! 0, the true stresses r are Oðr3=2Þ and the true
couple-stresses l are Oðr1=2Þ. The components of r and l in the
asymptotic crack-tip solution are listed in Appendix E.
The A-, B-, C- and D-terms above have an O(1) contribution to
the boundary conditions (54b) through the srh- and shh-terms.
These O(1) srh- and shh-terms are balanced asymptotically in
(54b) by the contribution of higher order terms in the crack-tip
expansion of the solution; in particular, terms in u that are Oðr3Þ
generate O(1) prh-, phh- and ðol^hrr=orÞ-terms that balance the afore-
mentioned srh- and shh-terms in (54b). The existence of the A-, B-,
C- and D-terms in the asymptotic solution is veriﬁed by the results
of the ﬁnite element solutions presented in Section 7 of the paper.
It should be noted that terms similar to the A-, B-, C- and D-
terms above enter the crack-tip asymptotic solutions of a crack
in an elastic material that obeys Koiter’s (1964a,b) indeterminate
theory of couple stresses (see Huang et al. (1997) and Chen et al.
(1998) for modes I and II, and Radi (2008) for mode-III). We note
also that a ‘‘constant strain term” of the form Ar sin h ¼ Ax2 should
be added to the crack-tip asymptotic displacement ﬁeld for the
mode-III problem given by Georgiadis (2003) for a material that
obeys a gradient elasticity law of the type considered herein (Eq.
(28) in Georgiadis (2003)).
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We consider the tractions on the material line ahead of the
crack ðh ¼ 0Þ and on the lower half of the material ðn ¼ eh ¼ e2Þ,
so that a positive 2- or h-component means tension. Along this line
D ¼ erðo=orÞ and D  n ¼ 0. Note that as r ! 0,
s ¼ Oð1Þ; l^ ¼ Oðr1=2Þ; p ¼ Oðr3=2Þ; r ¼ Oðr3=2Þ: ð124Þ
Therefore, as r ! 0, the leading terms in the generalized tractions
ahead of the crack are as follows:
P^ðr; 0Þ ¼  phr þ
ol^hrr
or
 
h¼0
e1  phh þ
ol^hrr
or
 
h¼0
e2; ð125Þ
R^ðr; 0Þ ¼ l^hrhðr;0Þe1 þ l^hhhðr;0Þe2; ð126Þ
tðr;0Þ ¼ rhrðr;0Þe1 þ rhhðr; 0Þe2; ð127Þ
mðr; 0Þ ¼ lh3ðr;0Þe3; ð128Þ
where, according to (49), as r ! 0,
rhr ¼ 13 l^  rð Þhr þ phr

 
;
rhh ¼ 13 l^  rð Þhh þ phh

 
; lh3 ¼
2
3
l^rhh  l^hrhð Þ; ð129Þ
with
l^  rð Þhr ¼
ol^hrr
or
þ 1
r
ol^hrh
oh
þ l^rrh  l^hhh
r
; ð130Þ
and
l^  rð Þhh ¼
ol^hrh
or
þ 1
r
ol^hhh
oh
þ 2l^hrh þ l^rhh
r
: ð131Þ
Using the asymptotic solution developed in the previous sections,
we ﬁnd that, as r ! 0,
P^ðr; 0Þ ¼ E ‘
r
 3=23ð5 4mÞA1 þ 2ð3 4mÞA2
32ð1 m2Þ e2; ð132Þ
R^ðr; 0Þ ¼ E‘
ﬃﬃ
‘
r
r
3ð5 4mÞA1 þ 2ð7 4mÞA2
16ð1 m2Þ e1; ð133Þ
tðr;0Þ ¼ E ‘
r
 3=2 3ð1 mÞA1  ð1 2mÞA2
12ð1 m2Þ e2; ð134Þ
mðr; 0Þ ¼ E‘
ﬃﬃ
‘
r
r
3ð1 mÞA1  2ð2 mÞA2
6ð1 m2Þ e3: ð135Þ
Recall that for the crack to be ‘‘open”, i.e., for u2ðr;pÞ ¼
uhðr;pÞ > 0 as r ! 0, it is required that A1 > 0 (see Eq. (92)).
However, this does not guarantee that there are tensile tractions
ahead of the crack! In fact, the auxiliary or true tractions ahead of
the crack are tensile provided the following additional conditions
are met:
P^hðr;0Þ ¼ tBhðr;0Þ > 0) A2 >
3ð5 4mÞ
2ð3 4mÞA1; ð136Þ
and
thðr;0Þ > 0) A2 > 3ð1 mÞ1 2m A1: ð137Þ
For A1 > 0 (as required for an open crack) and for values of m in the
range [-1,0.5], the right-hand side of (137) is greater than the right-
hand side of (136). Therefore
thðr;0Þ > 0) P^hðr;0Þ ¼ tBhðr;0Þ > 0; ð138Þ
whereas the opposite is not always true.
On the crack face ðh ¼ pÞ the tractions take the following
values:P^ðr;pÞ ¼ 0; ð139Þ
R^ðr;pÞ ¼ 0; ð140Þ
tðr;pÞ ¼ E ‘
r
 3=2 3ð3 2mÞA1  4ð2 mÞA2
24ð1 m2Þ e1; ð141Þ
mðr;pÞ ¼ 0: ð142Þ
It is interesting to note that, whereas the auxiliary tractions P^ðr;pÞ
vanish as required by the boundary conditions, the true traction
tðr;pÞ has a non-zero shear component on the crack face!
5. The J-integral
The line integral J is deﬁned as (Rice, 1968; Georgiadis and
Grentzelou, 2006; Grentzelou and Georgiadis, 2008)
J ¼
Z
C
Wn1  P^  ouox1  R^  D
ou
ox1
  	
ds; ð143Þ
where C is a curve that starts at a point on the lower crack face
ðh ¼ pÞ, goes through the material, and ends at a point on the
upper crack face ðh ¼ pÞ, and n is the outward unit vector normal
to C. The J-integral is known to be ‘‘path independent” (Georgiadis
and Grentzelou, 2006; Grentzelou and Georgiadis, 2008).
The derivative ou=ox1 is determined from the following
expression:
ou
ox1
¼ cos h our
or
 sin h
r
our
oh
 uh
  	
er
þ cos h ouh
or
 sin h
r
ouh
oh
þ ur
  	
eh: ð144Þ
On a circular path C of radius r centered at the crack-tip
n ¼ er ¼ cos he1 þ sin he2, D ¼ o=or, and the expression for the J-
integral can be written as
J ¼
Z p
p
W cos h P^r ouox1
 
r
 P^h ouox1
 
h
 R^r oor
ou
ox1
 
r
 	
 R^h oor
ou
ox1
 
h
 	
r dh: ð145Þ
Note that as r ! 0
s ¼ O r1=2 ; l^ ¼ O r1=2 ; p ¼ O r3=2 : ð146Þ
Therefore, in view of Eq. (36) that deﬁnes P^, the part of P^ that has a
non-zero contribution to J as r ! 0 is
P^ ¼ n  p D  n  l^ð Þ þ ðD  nÞn  n  l^ð Þ
¼  prr þ
1
r
ol^rrh
oh
 l^rhh
  	
er  prh þ
1
r
ol^rhh
oh
þ l^rrh
  	
eh;
ð147Þ
where it was taken into account that on the circular pathC of radius
r centered at the crack-tip
D ¼ r nD ¼ eh 1r
o
oh
and D  n ¼ 1
r
: ð148Þ
On the same circular path, the generalized traction R^ can be written
as
R^ ¼ n  n  l^ð Þ ¼ l^rrrer þ l^rrheh: ð149Þ
We evaluate next the J-integral on a circular path of vanishingly
small radius r, so that the asymptotic crack-tip solution can be used
in the calculations. Using (147), (149) and (144) for P^; R^; ou=ox1
 
together with the asymptotic mode-I solution for ðu; l^;pÞ and eval-
uating the integral in (145), we ﬁnd
xx
2
1
(ε,0 )
(ε,0 )
(-ε,0 )
(-ε,0 )
+
--
+
Fig. 2. Box-like path used for the evaluation of J.
1 The corresponding results in classical ‘‘local” linear isotropic elasticity are (e.g.,
e Golebiewska Herrmann and Herrmann, 1981)
m
0
JI2 ¼ lime!0 J
II
2 ¼ 0; lime!0 J
IþII
2 ¼ 
1 m
G
K IK II;
here K I and K II are the standard mode-I and mode-II stress intensity factors,
spectively.
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16ð1 mÞ ð5 4mÞð3A1  2A2Þ
2 þ 8A22
h i
> 0; ð150Þ
where G ¼ E=½2ð1þ mÞ is the elastic shear modulus. Similarly, we
ﬁnd that the corresponding value of J for a mode-II crack is
JII ¼ pG‘ 4ð1 mÞð5 4mÞB21 þ
B22
1 2m
" #
> 0: ð151Þ
Note that A1 and A2 are, in general, functions of ‘ so that the limits
lim
‘!0
JI  JI0 and lim
‘!0
JII  JII0 ð152Þ
take a ﬁnite values JI0 and J
II
0 .
Finally, when both modes I and II are present, the J-integral
takes the value
JIþII ¼ JI þ JII: ð153Þ
Note that the A-, B-, C-, and D-terns in the asymptotic solution have
no contribution to the J-integral.
In the context of ‘‘local” (as opposed to ‘‘gradient”) theories, Rice
and Drucker (1967) have shown that the removal of material or the
creation of cracks always reduces the total potential energy P of
any linear or non-linear stable elastic body under ﬁxed load and
displacement boundary conditions. This means also that the corre-
sponding J-integral J ¼ ð1=bÞðoP=oaÞ is always positive, where a
is the length of the plane strain crack, and b the thickness of the
structure. Using arguments similar to those of Rice and Drucker
(1967), one can show readily that the same holds true for gradient
elastic materials, so that the J-integral is always positive in gradi-
ent elastic materials as well.
We conclude this section by considering an alternative method
used recently by Georgiadis (2003) and Georgiadis and Grentzelou
(2006) for the evaluation of the J-integral. The method is based on
an idea put forth by Freund (1972) and Burridge (1976) and uses a
box-like path for the evaluation of J, as shown in Fig. 2. As e! 0
J ¼ 2 lim
e!0
Z e
e
P^1 ou1ox1  P^2
ou2
ox1
 R^1 oox2
ou1
ox1
 
 R^2 oox2
ou2
ox1
 	
x2¼0þ
dx1; ð154Þ
i.e., J can be determined from the values of
P^; R^; ou=ox1 and o2u=ox1ox2 ahead ðh ¼ 0Þ and behind ðh ¼ pÞ the
crack ðe! 0Þ. For example, in the case of the mode-I crack for
x2 ¼ 0þ and as e! 0, according to the corresponding asymptotic
solution, we have
P^1 ¼ 0; P^2 ¼ G16ð1 mÞ
‘
x1
 3=2
½3ð5 4mÞA1
 2ð3 4mÞA2Hðx1Þ; ð155Þ
R^1 ¼  G‘8ð1 mÞ
ﬃﬃﬃﬃﬃ
‘
x1
s
½3ð5 4mÞA1  2ð7 4mÞA2Hðx1Þ;
R^2 ¼ 0; ð156Þ
ou2
ox1
¼ 3
2
A1
ﬃﬃﬃﬃﬃﬃﬃﬃx1
‘
r
Hðx1Þ; oox2
ou1
ox1
 
¼ 3A1  4A2
4‘
ﬃﬃﬃﬃﬃﬃﬃﬃ
‘
x1
s
Hðx1Þ; ð157Þ
where HðxÞ is Heaviside unit step function. Since P^2; R^1; and
Dðou1=ox1Þ are singular at the crack-tip, the ‘‘value” of the integrand
in (154) at x1 ¼ 0 is not obvious and care must be exercised in evalu-
ating the integral. In order to overcome this difﬁculty, Burridge
(1976) treated the aforementioned quantities as distribution func-tions (Fisher, 1971). Substituting (155)–(157) into (154) and taking
into account that (Fisher, 1971)
½ðxÞaHðxÞ½x1aHðxÞ ¼  p
2 sinðapÞ dðxÞ
for a–0;1;2;3; . . . ð158Þ
and that
R e
e dðxÞdx ¼ 1, dðxÞ being the Dirac delta function, we ﬁnd
again the result of Eq. (150).
6. The J2-integral and the constants ðA;BÞ; ðA1;A2Þ and ðB1;B2Þ
The line integral J2 is deﬁned as (Budiansky and Rice, 1973;
Grentzelou and Georgiadis, 2008)
J2 ¼
Z
C
Wn2  P^  ouox2  R^  D
ou
ox2
  	
ds; ð159Þ
where again C is a curve that starts at a point on the lower crack
face ðh ¼ pÞ, goes through the material, and ends at a point on
the upper crack face ðh ¼ pÞ, and n is the outward unit vector nor-
mal to C.
Note that the derivative ou=ox2 is determined from the
expression
ou
ox2
¼ sin h our
or
þ cos h
r
our
oh
 uh
  	
er
þ sin h ouh
or
þ cos h
r
ouh
oh
þ ur
  	
eh: ð160Þ
If we now choose the path C in (159) to be a circular path centered
at the crack-tip with vanishingly small radius r, we can use the
asymptotic crack-tip solution for the determination of J2. In that
case, using a technique similar to that used in the previous section
for the evaluation of J, we ﬁnd that
lim
r!0
JI2 ¼ limr!0 J
II
2 ¼ 0; limr!0 J
IþII
2 ¼ 3pG‘ðA1  2A2ÞB1; ð161Þ
where I and II indicate the symmetric (mode-I) and antisymmetric
(mode-II) solutions, respectively.1
Unlike J, the J2-integral deﬁned in (159), is path dependent in
general (see also Golebiewska Herrmann and Herrmann, 1981).
In fact, one can show readily that
JC02 þ
Z
Cc
ðWþ WÞnþ2 dx1 ¼ JCe2 ; ð162Þ
where the superscript on J2 indicates the path used for its evalua-
tion (see Fig. 3), a plus (+) and a minus () indicate the upper and
lower crack face, respectively, C0 is a vanishingly small circular path
around the crack tip, and Cc is the part of the upper crack face be-
tween C0 and Ce as shown in Fig. 3. Note that the starting and end-se
li
e!
w
re
ΓΓ
Γ εc
ο
Fig. 3. Paths used for the evaluation of J2.
N. Aravas, A.E. Giannakopoulos / International Journal of Solids and Structures 46 (2009) 4478–4503 4487ing points of paths C0 and Ce in (159) have the same x1-coordinate
for each path, i.e., they are ‘‘opposite” points on the upper and lower
crack face.
In the special cases of symmetric or antisymmetric geometries
and loads,Wþ ¼W and Eqs. (162) and (161a) show that J2 is path
independent and equals zero, i.e.,
JI2 ¼ JII2 ¼ 0: ð163Þ
For the general mixed-mode case, according to (162) and (161b),
the value of J2 on C0 is given by
J2 ¼ 3pG‘ðA1  2A2ÞB1 þ
Z 0
x0
1
ðWþ WÞdx1; ð164Þ
where we took into account that nþ2 ¼ 1, and x01 < 0 is the x1-coor-
dinate of the ending point of C0 on the upper crack face.
If the value of jx01j is vanishingly small, then the asymptotic
crack-tip solution can be used for the evaluation of the integralR 0
x01
ðWþ WÞdx1. In such a case2
Wþ W ¼ 4G
ﬃﬃﬃﬃﬃﬃﬃﬃx1
‘
r
4ð1 mÞðA BÞB1 þ ðAþ BÞB21 2m
 	
þ Oðx1Þ: ð165Þ
The expressions given above for J and J2 canbeused togetherwith
the ﬁnite elementmethod to develop amethodology for the numer-
ical determination of the constants that enter the crack-tip asymp-
totic solution. Such work is now underway and will be reported
elsewhere. Similar techniques have been developed for the case of
classical ‘‘local” linear isotropic elasticity (e.g., seeBergez, 1974;Hel-
len and Blackburn, 1975; Ishikawa et al., 1979; Ishikawa, 1980; Bui,
1983; Sha, 1984; Nikishkov and Vainshtok, 1981; Raju and Shivaku-
mar, 1990;ChangandPu, 1996, 1997;Eischen, 1987;ChangandYeh,2 The corresponding result in classical ‘‘local” linear isotropic elasticity is (e.g., see
Golebiewska Herrmann and Herrmann, 1981; Eischen, 1987)
Wþ W ¼ 2ð1 mÞ
G
K IITﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2px1p þ O
ﬃﬃﬃﬃﬃﬃﬃﬃx1pð Þ;
where T is the uniform ‘‘T-stress” parallel to the crack surface that appears as the sec-
ond term in the asymptotic crack-tip solution of r11.1998; Kim ang and Paulino, 2002; Sladek et al., 2008).
The J2-integral is related to the ‘‘energy release rate” when the
crack translates parallel to itself in the x2-direction (Budiansky
and Rice, 1973; Golebiewska Herrmann and Herrmann, 1981;
Grentzelou and Georgiadis, 2008). In fact the individual terms in
(164) can be interpreted as follows. Let x01 ¼ a, where a is the
crack length, so that the integral in (164) covers the whole surface
of the crack. Then (164) can be written as

_P
v2
¼ J2 ¼ Jtip2 þ Jsur2 ; ð166Þ
where
Jtip2 ¼ 
_Ptip
v2
¼ 3pG‘ðA1  2A2ÞB1;
Jsur2 ¼ 
_Psur
v2
¼
Z 0
a
ðWþ WÞdx1; ð167Þ
where v2 is the conceptual uniform velocity of all points on the
crack surface in the x2-direction, and _Ptip and _Psur the rate of
change of the potential energy P due to the rearrangement of the
ﬁelds at the crack tip and due to the motion of the crack faces,
respectively, ð _P ¼ _Ptip þ _PsurÞ.
7. Finite element solutions
In order to verify the asymptotic crack-tip solution and deter-
mine its region of dominance, we carry out detailed ﬁnite element
calculations of a cracked specimen. We consider the plane strain
problem of an edge-cracked panel (ECP) loaded with two concen-
trated forces as shown in Fig. 4. Both the specimen and the applied
loads are symmetric with respect to the crack plane (mode-I).
The problem is solved by using the ﬁnite element formulation of
Amanatidou and Aravas (2002), which was implemented in the
ABAQUS general purpose ﬁnite element program (Hibbitt, 1977).
This code provides a general interface so that a particular ‘‘ﬁnite
element” can be introduced as a ‘‘user subroutine” (UEL). Nine-
node elements (III9-70 in Amanatidou and Aravas (2002)) are used
in the computations. Because of symmetry, only half of the speci-
men is analyzed and the following conditions are applied along
the symmetry line ahead of the crack:
u2 ¼ 0; e12 ¼ 0; x3 ¼ 0: ð168Þ
The ﬁnite element mesh is shown in Fig. 5. The size of the smallest
element in the focussed mesh at the crack-tip is h = a/2000, where a
is the crack length (see Fig. 4). A total of 5781 nodes, 2800 elements,
and 40,650 nodal degrees of freedom are used in the computations.
All crack-tip nodes are tied together. In order to eliminate rigid
body translations in the x1 direction, the condition u1 ¼ 0 is im-
posed at the crack-tip.
A concentrated load P is applied at the upper left corner; the
dimensions of P are force per unit out-of-plane thickness of the
specimen. Using dimensional analysis and taking into account that
the solution is linear in P, we conclude that one possible way to
normalize the solution of the problem is as follows:
u ¼ P
E
u
^ðqÞ; e ¼ P
EW
e
^ðqÞ; l^ ¼ P l^ðqÞ; s ¼ P
W
s
^ðqÞ;
r ¼ P
W
r
^ðqÞ; ð169Þ
where q is the collection of dimensionless variables
q ¼ r
W
; h; m;
‘
W
;
a
W
;
H
W
 
; ð170Þ
where a is the crack length,W the width of the specimen and 2H its
height (see Fig. 4), and all functions with a superposed ^ are
dimensionless. Also, the dimensionless constants ðA;B;A1;A2Þ in
aW
H
H
P
P
Fig. 4. Edge cracked panel.
Fig. 5. Finite element mesh.
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Therefore, we can write
A ¼ P
EW
~A ~qð Þ; B ¼ P
EW
~B ~qð Þ; A1 ¼ PEW
~A1 ~qð Þ;
A2 ¼ PEW
~A2 ~qð Þ; ð171Þ
where
~q ¼ m; ‘
W
;
a
W
;
H
W
 
; ð172Þ
so that
~A ¼ lim
r!0
e11ðr; hÞ
P
EW
~B ¼ lim
r!0
e22ðr; hÞ
P
EW
~A1 ¼ lim
r!0
uhðr;pÞ
P‘
EW
r
‘
 3=2 ~A2 ¼ limr!0 x3ðr;pÞP
EW
ﬃﬃ
r
‘
r
: ð173Þ
The J-integral is of the form
J ¼ P
2
EW
~J m;
‘
W
;
a
W
;
H
W
 
; ð174Þ
where ~J is a dimensionless function.
The ﬁnite element calculations are carried out for a = H =W/2.
The material data used in the calculations are m = 0 and ‘ = a/10,
so that the size of the crack-tip element relative to ‘ is h = a/
2000 = ‘/200. The results of the ﬁnite element calculations are used
for the evaluation of quantities that appear on the right-hand sideof equations (173). Considering the limits of these quantities as
r ! 0, we conclude that for the particular geometry and material
analyzed, i.e., for~q ¼ m; ‘
W
;
a
W
;
H
W
 
¼ f0:; 0:05; 0:50; 0:50g; ð175Þwe have~A ¼ 21:12; ~B ¼ 18:36; ~A1 ¼ 32:60; ~A2 ¼ 40:30: ð176Þ
The results of the ﬁnite element solution are compared now to
the predictions of the crack-tip asymptotic solution. The asymp-
totic solution on the crack face ðh ¼ pÞ isu1ðr;pÞ ¼ Ar þ O r2
 
; ð177Þ
u2ðr;pÞ ¼ A1‘ r
‘
 3=2
þ Oðr2Þ; ð178Þ
e11ðr;pÞ ¼ Aþ OðrÞ; ð179Þ
e22ðr;pÞ ¼ Bþ OðrÞ; ð180Þ
e12ðr;pÞ ¼ 3A1  2A22
ﬃﬃ
r
‘
r
þ OðrÞ; ð181Þ
x3ðr;pÞ ¼ A2
ﬃﬃ
r
‘
r
þ OðrÞ: ð182ÞFigs. 6–8 show the radial variation of the ﬁnite element solution for
ðu1; u2;x3Þ on the crack face ðh ¼ pÞ together with the prediction of
the asymptotic solution (Eqs. (177), (178) and (182)) on a logarith-
mic scale. The leading term in the asymptotic solution provides an
accurate description of the displacement and rotation ﬁelds on
h ¼ p in the range 0 < r < ‘=10.
Ahead of the crack ðh ¼ 0Þ the asymptotic solution isu1ðr;0Þ ¼ Ar þ 3A1  2ð3 4mÞA212ð1 mÞ ‘
r
‘
 3=2
þ Oðr2Þ; ð183Þ
e11ðr; 0Þ ¼ Aþ 3A1  2ð3 4mÞA28ð1 mÞ
ﬃﬃ
r
‘
r
þ OðrÞ; ð184Þ
e22ðr; 0Þ ¼ B 3A1 þ 2ð1 4mÞA28ð1 mÞ
ﬃﬃ
r
‘
r
þ OðrÞ; ð185Þand u2ðr;0Þ ¼ 0; e12ðr;0Þ ¼ x3ðr;0Þ ¼ 0. Fig. 9 shows the radial var-
iation of the ﬁnite element solution for u1 ahead of the crack ðh ¼ 0Þ
together with the prediction of the asymptotic solution. Two curves
are plotted for the asymptotic solution: curve I represents the lead-
ing term that involves A, whereas curve II is the sum of the ﬁrst two
terms on the right-hand side of (183). Figs. 10 and 11 show the ra-
dial variation of the ﬁnite element solution for e11 and e22 on a log-
arithmic scale for h ¼ 0 together with the prediction of the
asymptotic solution; again, curves I represent the leading term that
involve A and B, whereas curves II are the sum of the ﬁrst two terms
on the right-hand side of (184) and (185). Clearly, the constants A
and B provide the limiting values of e11 and e22 as r ! 0, but the
second term in the asymptotic expansion is required for an accurate
description of the strain state ahead of the crack for radial distances
of order ‘=10.
Figs. 12–17 show the angular variation of the normalized com-
ponents of u, e, and x3 at various radial distances form the crack-
tip together with the corresponding prediction of the leading term
in the asymptotic crack-tip solution. In particular, the angular var-
iation of the following quantities is plotted:
-3.0
-2.0
-1.0
0.0
1.0
2.0
3.0
-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
log( / )r
2
lo
g{
(,
)/[
/(
)]}
u
r
P
EW
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solution.
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P=ðEWÞ ;
u2=r
P=ðEWÞ ;
e11
P=ðEWÞ ;
e22
P=ðEWÞ ;
2e12=
ﬃﬃﬃﬃﬃﬃﬃ
r=‘
p
P=ðEWÞ ;
x3=
ﬃﬃﬃﬃﬃﬃﬃ
r=‘
p
P=ðEWÞ
( )
:
ð186Þ
In view of the normalization used, all curves for each of the afore-
mentioned normalized quantities should fall on a single curve for
values of r inside the ‘‘region of dominance” of the leading term
in the asymptotic crack-tip solution. Figs. 12–17 show that the lead-ing term in the asymptotic solution provides an accurate descrip-
tion of the crack-tip ﬁelds over radial distances of order ‘/10.
Note that the values of the constants ðA1;A2Þ as deﬁned in (171)
and (176) are such that the conditions (136) and (137) for tensile
tractions ahead of the crack are violated. This is consistent with
the results of the ﬁnite element solution that predict compressive
auxiliary P^
 
and true (t) tractions ahead of the crack. In fact, the
ﬁnite element solution shows that, whereas the normal strain e22 is
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ahead of the crack ðh ¼ 0Þ. Curve I represents the leading term in the asymptotic expansion of the solution, curve II is the sum of the ﬁrst
two terms in the expansion, and the dots are the results of the ﬁnite element solution.
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r = 0, the auxiliary traction P^2 and the true stress r22 are compres-
sive ahead of the crack for values of r smaller than about ‘/2 and
singular at the crack-tip.
For comparison purposes, we also carried out ﬁnite element cal-
culations for the same specimen geometry and applied loads usingthe corresponding classical isotropic linear elasticity model
ðm ¼ 0; ‘ ¼ 0Þ. Eight-node plane strain isoparametric elements with
3  3 Gauss integration stations are used in the calculations. Again,
all crack-tip nodes are tied together. Fig. 18 shows the variation of
the normalized true stress r22=ðP=WÞ as a function of the normal-
ized radial distance r/‘ along the radial line h ¼ 0 for both the
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Fig. 11. Variation of log e22P=ðEWÞ with log
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‘
ahead of the crack ðh ¼ 0Þ. Curve I represents the leading term in the asymptotic expansion of the solution, curve II is the sum of the
ﬁrst two terms in the expansion, and the dots are the results of the ﬁnite element solution.
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ﬁrst two terms in the expansion, and the dots are the results of the ﬁnite element solution.
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this full-ﬁeld result shows the existence of a maximum tensile value3 Recall that the true stresses rij are different from sij and are determined from
equation (49a). In particular r22 ¼ s22  13 2l^221;1 þ 3l^222;2 þ l^122;1
 
. Also the com-
ponents of the auxiliary (mathematical) tractions P^i ahead of the crack are differen
from the true stresses r22 and r21. According to (41a), ahead of the crack ðh ¼ 0Þ and
on the lower half of the specimen ðn ¼ þe2Þ the normal auxiliary traction
P^2 ¼ s22  l^122;1 þ l^222;2 þ l^212;1
 
–r22.tof r22, at a distance r=‘ ’ 1 ahead of the crack, in accord to what has
been reported by various researchers. This maximum value increases
monotonically to inﬁnity as ‘! 0. We observe also that the region
of validity of the asymptotic solution in gradient elasticity is com-
parable to that of the classical solution (‘ = 0).
Fig. 19a shows the proﬁle of the crack face for ‘ = 0 and ‘/a = 0.1,
together with the predictions of the corresponding asymptotic
solutions. The cusp-like crack opening characterizes the gradient
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2008) in their studies of the central crack geometry. Fig. 19b shows
the proﬁles of the crack face for the gradient case and for different
values of ‘/a. The analysis predicts that, for the current loading
conﬁguration and Poisson ratio, the crack proﬁle exhibits an inﬂec-
tion point at a distance ri behind the crack-tip, that can be uniquely
related to the internal length of the problem. For ‘/a < 0.1, the FEM
analysis predicts ri ’ 1:2‘. For ‘/a > 0.1, the FEM analysis does not
predict any inﬂection point of the crack displacement. We can thenconclude that, provided that ‘=a < 0:1, observation of the inﬂection
point of a loaded crack ri can give an estimate of the internal length
‘ ’ ri=1:2 ¼ 0:83ri.
Fig. 20 shows the left crack-tip of a polymer-impregnated tex-
tile with a double-edge crack loaded in tension. The crack length
is 1 cm and the internal length (woven matrix) is 0.1 cm. No bridg-
ing effect and complete closure are observed upon unloading. This
ﬁgure shows clearly the formation of a cusp at the crack-tip and
indicates the possibility of using gradient elasticity theory in order
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work in now underway.
Fig. 21 shows contours of the normal strain e22 in the crack tip re-
gion for the two theories (classic and gradient). Themajor difference
in the two solutions is that the ﬁnite (asymptotically constant)
strainsof thegradient elasticity solutionat the crack-tipare replaced
by singular 1=
ﬃﬃ
r
p 
strains in the classical solution (‘ = 0).
We conclude this section by returning to the gradient theory
and considering the effect of the internal length ‘ on the energy re-
lease rate J for the ECP. We determine J for different values of ‘ byusing a technique similar to that of Parks (1974, 1977), as de-
scribed in the following. For the specimen geometry and applied
loads considered above, we carry out ﬁnite element calculations
with ‘/a = 0,0.05,0.10,0.20,0.30,0.40, and 0.50. Again the value
m ¼ 0 is used for Poisson’s ratio. For each value of ‘/a, two sets of
calculations are carried out: one with a crack length a1 ¼ a ¼
W=2, and another with a longer crack a2 ¼ a1 þ Da, where
Da ¼ h=1000, h being the size of the elements at the crack-tip.
The ﬁnite element mesh in the second set of calculations is
constructed from the original mesh by translating rigidly in the
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around the crack-tip, as described in Parks (1974). The potential
energy P of the whole specimen in each case is
P1 ¼ Pd1; P2 ¼ Pd2; ð187Þ
where d1 and d2 are the vertical displacements of the point of appli-
cation of P, when the crack length takes values a1 and a2, respec-
tively. The energy release rate is determined asJ ’ DP
Da
¼ P2 P1
Da
¼ Pðd2  d1Þ
Da
: ð188Þ
For the case of ‘/a = 0.1, the value of J calculated as described above
differs by less than 3% from the value that results from Eq. (150) and
the constants A1 and A2 as deﬁned by (171) and (176). For the spe-
ciﬁc ECP geometry analyzed and for the same load level, the energy
release rate J is found to decrease with increasing ‘. Therefore, in
view of (174), we can write for the ECP geometry considered
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Fig. 18. Variation of the normalized the normalized true stress r22P=W as a function of the normalized radial distance r=‘ ahead of the crack. The classical solution is also shown
for comparison.
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2
EW
~J
‘
W
 
; ð189Þ
where the dimensionless function ~Jð‘=WÞ is a decreasing function of
‘/W. In other words, as ‘ increases, a larger value of load P is re-
quired in order to reach a certain value of J. The calculated values
of the ratio Jð‘Þ=Jð0Þ are shown in Fig. 22 for values of ‘ in the range
0 6 ‘ 6W=4 ¼ a=2. Note that ~Jð0Þ ¼ 104:16.8. Discussion of fracture criteria
The analysis of crack advance based on the present asymptotic
analysis requires the understanding of the signiﬁcance and the lim-
itations of the parameters involved, in this case the internal mate-
rial length ‘. Since the analysis is in the context of linear elasticity,
we focus on fracture of brittle materials and cases of high cycle fa-
tigue, where classical linear fracture mechanics has been applied
successfully. We focus on mode-I cracks, since other modes would
involve discussion of crack deﬂection and branching that will re-
quire further studies.
A Grifﬁth-type (Grifﬁth, 1920) fracture theory can be used as a
criterion for crack extension in terms of a balance between changes
in mechanical and surface energies. In this spirit, we can use the
equivalence of the J-integral with the energy release rate G and
state a fracture criterion of the type:
J ¼ Gc; ð190Þ
i.e., crack growth takes place when the available energy to be re-
leased upon crack extension JBDa is enough to provide the energy
required for the creation of the new surface GcBDa, where Gc is
the surface energy that deﬁnes the critical value of the energy re-
lease rate and characterizes the material. The advantages of such
a criterion are obvious. The J-integral is a well known concept of
the classical fracture mechanics and has the advantage of connect-
ing the far-ﬁeld loading with the near tip parameters by means of
Eq. (150). Its experimental estimation could follow the limitations
that are known and are included in various testing standards.Eq. (189) has interesting consequences for the ECP. The fracture
criterion takes now the form
P2c
EW
~J
‘
W
 
¼ Gc or Pc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EWGc
~Jð‘=WÞ
s
; ð191Þ
where Pc is the critical value of the applied load P that causes crack
extension.
A change in the material microstructure is expected to affect
both ‘ and Gc in general, and, according to (191), the net effect
on Pc depends on
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gcð‘Þ=Jð‘Þ
p
. There are certain cases though
where a change in ‘may not affect Gc . Such an example is a particle
reinforced composite, in which ‘ can be identiﬁed with the inter-
particle spacing; in such a case, a change in particle spacing does
not affect the matrix properties and one could argue that the crit-
ical energy release rate Gc of the composite is not affected. If the
constitutive model considered herein is appropriate for the com-
posite, since ~J is a decreasing function of ‘/W, (191) predicts that
a higher load is required for crack extension as ‘ increases, i.e.,
an increase in ‘ toughens the ECP specimen. It should be empha-
sized also that equation (189) holds for the ECP geometry consid-
ered and that different specimen geometries are expected to
exhibit a different behavior, softening of the specimen not
excluded.
As mentioned by Chen et al. (1999), the loss of physical validity
of the crack-tip asymptotic solution due to the crack-tip compres-
sive stresses does not necessarily invalidate the use of the J-inte-
gral as a fracture parameter. As long as there is a region
surrounding the crack-tip in which the gradient elasticity model
has physical validity, J is a measure of the intensity of the true
stress ﬁeld that is passed down to the crack-tip, even though the
solution very near the tip is not known.
An alternative fracture criterion can be based on the ‘‘crack
opening displacement” (COD). It is interesting to observe that the
present asymptotic model predicts a cusp-like crack opening
(equation (178)). A similar observation was made by Barenblatt
(1962) who assumed a small-scale cohesive zone of rupture
strength, rc , acting in a very small region of the crack faces, close
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corresponds to a critical value of the COD, dc , that is a material
property. In the present formulation, we can identify the position
on the crack face where the COD is measured with the internal
length of the problem, ‘, i.e., the size of the‘‘cohesive zone” is as-
sumed to be ‘. Contrary to the various extensions of Barenblatt’s
model, in the present formulation the critical size of the cohesive
zone does not have to be much less than the crack length or any
other characteristic length of a cracked conﬁguration. In the pres-
ent approach, ‘‘small” and ‘‘large” cracks can be treated alike, pro-
vided that plasticity or other non-linearities are not important. We
can propose a critical fracture criterion of the formCOD ’ 2u2ð‘;pÞ ¼ 2A1c‘ ¼ dc; ð192Þ
where A1c is the critical value of A1 that causes crack extension. Such
criterion seems to be in accord with geometrical fatigue models that
relate the COD with the crack length increment per load cycle, e.g.,
Laird (1967). The parameter A1 can be calculated from the asymp-
totics, as in the example of the ECP presented in the last section.
This criterion appears to be less complex than the Gc criterion, be-
cause it requires only one constant (A1 or the COD) to be deter-
mined instead of two ðA1 and A2Þ or the J-integral required by the
Gc criterion. On the other hand, it may require advanced observa-
tion facilities for measuring the COD.
Fig. 20. Left crack-tip of a polymer-impregnated textile with a double-edge crack
loaded in tension.
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the local strain at the crack-tip as suggested by McClintock
(1962), who introduced a fatigue threshold criterion and obtained
estimates of such strains from a small-scale deformation plasticity
analysis. The present model, does not require such plasticity anal-
ysis because it provides directly a ﬁnite strain at the crack-tip (Eq.
(106) give e11 ¼ A; e22 ¼ B and 12 ¼ 0 at r = 0). A fatigue threshold
criterion can be based on a critical value of the effective strain, eec ,
that is of the form:
ee 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
eijeij
r
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
ðe211 þ e222Þ
r
¼ eec or
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
ðA2 þ B2Þ
r
¼ eec:
ð193ÞThe values A and B are evaluated from the solution and the bound-
ary value problem for the cracked specimen under consideration,Fig. 21. Contour plots of the normal strain e22 in the crack-tip region: (and depend on the applied loads and the internal length ‘. The crit-
ical strain should be such that 0 < ee  1. We can argue that this is
a rather difﬁcult criterion to use for testing.
It is worthy of note that in the case of classical elasticity, all the
possible criteria mentioned above are known to be equivalent and
consistent with the condition
K I ¼ K Ic; ð194Þ
where K I is the classical mode-I stress intensity factor and K Ic a
material property that deﬁnes the fracture toughness of the mate-
rial. However, in the present gradient elasticity case, the aforemen-
tioned criteria lead to different conditions as deﬁned by Eqs. (190),
(192) and (193).
One could consider also one of the simplest atomistic models,
due to Orowan (1949) and Gilman (1960), in which attention is
focussed exclusively on an individual non-linear crack-tip bond.
According to this model crack extension takes place when the lo-
cal stress exceeds the theoretical cohesive strength of the solid
rc ’ E=p, where E is the Young modulus of the material (e.g.,
see Lawn, 1993, p. 146). The corresponding critical cohesive-
strain is
ec ¼ rcE ’
1
p
; ð195Þ
which leads to the fracture criterion
e22jr¼0
h¼0
¼ ec or B ¼ 1p : ð196Þ
The criterion assumes that B > 0 (tensile strain at the crack-tip),
which is not guaranteed by the solution in general. Interestingly,
this criterion would predict that the atomic crack will not propagate
for a conﬁguration and loading with B < 0!a) gradient elasticity ð‘ ¼ 0=a ¼ 0:1Þ, (b) classical elasticity ð‘ ¼ 0Þ.
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rhh in the crack-tip region could be stated as
max
rP0
p6h6p
rhh ¼ rc; ð197Þ
where rc is a critical stress that leads to crack advance and may de-
pend on ‘. Many investigators imply that the maximum value of
r22 ¼ rhh ahead of the crack ðh ¼ 0Þ can be used as a crack growth
criterion. For the mode-I ECP analyzed in Section 7 and along the ra-
dial line h ¼ 0, the maximum of rhh ¼ r22 appears at r=‘ ’ 1:054, as
shown in Fig. 18. However, the results of the ﬁnite element solution
for the ECP problem show that the maximum of rhh does not appear
on h ¼ 0. Instead, the ﬁnite element solution shows that, for
r=‘ ’ 1:054, rhhjmax appears at an angle h ’ 100	 and takes a value
of about twice that of rhhjh¼0, and it appears that this is noticed for
the ﬁrst time. Therefore, criterion (197) predicts that the crack in
the ECP will bifurcate at an angle h of about 100	! This conclusion
seems rather unrealistic and, for this reason, we disregard condition
(197) from being a viable crack growth criterion.
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Appendix A. Useful formulae in polar coordinates
We consider a polar coordinate system ðr; hÞ centered at the
crack-tip as shown in Fig. 1. Let er and eh the corresponding unit
base vectors. Then
oer
oh
¼ eh; oehoh ¼ er: ð198Þ
The gradient operator in polar coordinates is of the formr ¼ er oor þ eh
1
r
o
oh
: ð199Þ
Let uðr; hÞ ¼ urðr; hÞer þ uhðr; hÞeh be a plane displacement ﬁeld.
Then
ur ¼ uiojeiej ¼ ouror erer þ
1
r
ouh
oh
þ ur
 
eheh þ 1r
our
oh
 uh
 
ereh
þ ouh
or
eher ; ð200Þ
so that the corresponding strain and rotation ﬁelds are
e ¼ 1
2
ðurþruÞ ¼ errerer þ ehheheh þ erhðereh þ eherÞ
¼ our
or
erer þ 1r
ouh
oh
þ ur
 
eheh
þ 1
2
ouh
or
þ 1
r
our
oh
 uh
  	
ereh þ eherð Þ; ð201Þ
and
X ¼ 1
2
ðurruÞ ¼ x3ðereh  eherÞ
¼ 1
2
1
r
our
oh
 uh
r
 ouh
or
 
ereh  eherð Þ: ð202Þ
The corresponding strain gradient j^ ¼ re is of the form
j^ ¼ j^rrrererer þ j^rhhereheh þ j^rrherðereh þ eherÞ þ j^hrreherer
þ j^hhheheheh þ j^hrhehðereh þ eherÞ; ð203Þ
and can be determined in terms of e as follows:
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or
ererer þ oehhor ereheh þ
oerh
or
erðereh þ eherÞ
þ 1
r
oerr
oh
 2erh
 
eherer þ 1r
oehh
oh
þ 2erh
 
eheheh
þ 1
r
oerh
oh
þ err  ehh
 
ehðereh þ eherÞ: ð204Þ
Let rðr; hÞ be a second-order tensor ﬁeld of the form
rðr; hÞ ¼ rrrðr; hÞerer þ rhhðr; hÞeheh þ rrhðr; hÞereh
þ rhrðr; hÞeher: ð205Þ
Then
r  r ¼ orrr
or
þ 1
r
orhr
oh
þ rrr  rhh
r
 
er
þ orrh
or
þ 1
r
orhh
oh
þ rrh þ rhr
r
 
eh; ð206Þ
and
rr ¼ orrr
or
ererer þ orhhor ereheh þ
orrh
or
erereh þ orhror ereher
þ 1
r
orrr
oh
 rrh  rhr
 
eherer
þ 1
r
orhh
oh
þ rrh þ rhr
 
eheheh
þ 1
r
orrh
oh
þ rrr  rhh
 
ehereh
þ 1
r
orhr
oh
þ rrr  rhh
 
eheher : ð207Þ
Consider next the third-order tensor l^ ¼ ‘2rs with
sðr; hÞ ¼ srrðr; hÞerer þ shhðr; hÞeheh þ srhðr; hÞðereh þ eherÞ: ð208Þ
Then l^ is of the form
l^ ¼ l^rrrererer þ l^rhhereheh þ l^rrherðereh þ eherÞ þ l^hrreherer
þ l^hhheheheh þ l^hrhehðereh þ eherÞ: ð209Þ
Using (207) and taking into account that s is symmetric, we ﬁnd
that
l^ ¼ ‘2rs ¼‘2 osrr
or
ererer þ oshhor ereheh þ
osrh
or
erðereh þ eherÞ

þ 1
r
osrr
oh
 2srh
 
eherer þ 1r
oshh
oh
þ 2srh
 
eheheh
þ1
r
osrh
oh
þ srr  shh
 
ehðereh þ eherÞ
	
: ð210Þ
Also using (209) and the deﬁnition of r (199), we ﬁnd
r  l^ ¼ ol^rrr
or
þ 1
r
ol^hrr
oh
þ l^rrr  2l^hrh
r
 
erer
þ ol^rhh
or
þ 1
r
ol^hhh
oh
þ l^rhh þ 2l^hrh
r
 
eheh
þ ol^rrh
or
þ 1
r
ol^hrh
oh
þ l^rrh þ l^hrr  l^hhh
r
 
ereh þ eherð Þ;
ð211Þ
andl^  r ¼ ol^rrr
or
þ 1
r
ol^rrh
oh
þ l^rrr  l^rhh  l^hrh
r
 
erer
þ ol^hrh
or
þ 1
r
ol^hhh
oh
þ 2l^hrh þ l^rhh
r
 
eheh
þ ol^rrh
or
þ 1
r
ol^rhh
oh
þ l^rrh  l^hhh
r
 
ereh
þ ol^hrr
or
þ 1
r
ol^hrh
oh
þ l^rrh  l^hhh
r
 
eher: ð212Þ
Also, the second order tensor deﬁned by lij ¼ 23 l^pqiepqj is of the form
l ¼ lr3ere3 þ lh3ehe3
¼ 2
3
l^rhr  l^hrrð Þere3 þ 23 l^rhh  l^hrhð Þehe3; ð213Þ
so that
r  l ¼ olr3
or
þ 1
r
olh3
oh
þ lr3
r
 
e3: ð214Þ
Zhao and Pedroso (2008) have also presented recently the basic
governing equations of strain gradient elasticity in orthogonal cur-
vilinear coordinates, including cylindrical and spherical.Appendix B. Solution of x0ðhÞ ¼ A  xðhÞ
The eigenvalues of A are imaginary and are given by
r1 ¼ r5 ¼ iðsþ 1Þ; r2 ¼ r3 ¼ r6 ¼ r7 ¼ iðs 1Þ;
r4 ¼ r8 ¼ iðs 3Þ: ð215Þ
Provided that s–0; s–1; s–3 and s2  7sþ 8ð2 mÞ–0, the corre-
sponding eigenvectors are
n1 ¼ n5 ¼
ð1þ mÞ
0
s
0
0
sðs 1Þ
0
0
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
þ i
0
tð1þ mÞ
0
s
sðs 1Þ
0
0
0
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
; ð216Þ
n2 ¼ n6 ¼
ð1þ mÞð1 2mÞ
0
s
0
0
0
0
0
8>>>>>>><
>>>>>>>>:
9>>>>>>>=
>>>>>>>>;
þ i
0
ð1þ mÞð1 2mÞ
0
0
sðs 1Þ
0
0
0
8>>>>>>><
>>>>>>>>:
9>>>>>>>=
>>>>>>>>;
; ð217Þ
n3 ¼ n7 ¼
2ðs 1Þð1 m2Þ
0
0
0
0
sðs 1Þðs 3Þ
4sðs 1Þðs 2Þ
0
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
þ i
0
2ð1 mþ smÞð1þ mÞ
0
sðs 1Þ
2sðs 1Þ
0
0
4sðs 1Þðs 2Þ
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
;
ð218Þ
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ð7 s 8mÞð1þ mÞ
0
sðsþ 1Þ  8ð1 mÞ
0
0
ðs 1Þ½sðs 7Þ þ 8ð2 mÞ
8ðs 1Þ2ðs 2Þ
0
8>>>>>>>><
>>>>>>>>:
9>>>>>>>>=
>>>>>>>>;
þ i
0
ð5þ s 8mÞð1þ mÞ
0
sðs 3Þ  8ð1 mÞ
ðs 1Þ½sðs 3Þ  8ð1 mÞ
0
0
8ðs 1Þðs 2Þðs 3Þ
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
; ð219Þ
where a superposed bar denotes complex conjugate.
It should be emphasized that the special cases s = 0, s = 1, s = 3,
and s2  7sþ 8ð2 mÞ ¼ 0 need separate treatment.
Appendix C. Asymptotic symmetric solution corresponding to
s = 3/2 (mode-I)
Polar components
x3 ¼ 14
ﬃﬃ
r
‘
r
½3ðA1  2A2Þ þ ð3A1  2A2Þ cos h sin h2 ; ð220Þ
srr ¼ E64ð1 m2Þ
ﬃﬃ
r
‘
r
f3ð41 32mÞA1  2ð57 32mÞA2
 4½3ð19 16mÞA1  ð42 32mÞA2 cos hþ ½3ð43
 32mÞA1  2ð51 32mÞA2 cos 2hg cos h2 ; ð221Þ
shh ¼  E64ð1 m2Þ
ﬃﬃ
r
‘
r
f3ð25 32mÞA1  2ð9 32mÞA2
 4½3ð15 16mÞA1  2ð17 16mÞA2 cos hþ ½3ð43
 32mÞA1  2ð51 32mÞA2 cos 2hg cos h2 ; ð222Þ
srh ¼ E64ð1 m2Þ
ﬃﬃ
r
‘
r
f9ð3A1  2A2Þ þ 4ð15A1  14A2Þ cos h
þ ½3ð43 32mÞA1  2ð51 32mÞA2 cos 2hg sin h2 : ð223Þ
The corresponding polar components of e, j^ and l^ are determined
from (201), (204) and (210).Cartesian components
u1 ¼  ‘96ð1 mÞ
r
‘
 3=2
f3ð47 48mÞA1  2ð87 80mÞA2
 4½3ð13 12mÞA1  2ð27 28mÞA2 cos h ð3A1
 2A2Þ cos 2hg cos h2 ; ð224Þu2 ¼ ‘32ð1 mÞ
r
‘
 3=2
fð1 16mÞA1  2ð3 16mÞA2  4½ð7
 4mÞA1 þ 2ð1 4mÞA2 cos hþ 3ð3A1  2A2Þ cos 2hg sin h2 ;
ð225Þs11 ¼ E64ð1 m2Þ
ﬃﬃ
r
‘
r
½57A1  86A2  ð33A1  38A2Þ cos h
þ ð3A1  2A2Þðcos 2h cos 3hÞ cos h2 ; ð226Þ
s22 ¼  E16ð1 m2Þ
ﬃﬃ
r
‘
r
½8A2 þ ð3A1  2A2Þð3 cos h cos 2hÞ
 cos3 h
2
; ð227Þ
s12 ¼  E64ð1 m2Þ
ﬃﬃ
r
‘
r
½3ð35 32mÞA1  2ð43 32mÞA2
þ ð9A1  22A2Þ cos hþ ð3A1  2A2Þðcos 2hþ cos 3hÞ
 sin h
2
: ð228Þ
The corresponding Cartesian components of e; j^ and l^ are deter-
mined from
eij ¼ 12
oui
oxj
þ ouj
oxi
 
; j^ijk ¼ oejkoxi and l^ijk ¼ ‘
2 osjk
oxi
; ð229Þ
with
o
ox1
¼ cos h o
or
 sin h
r
o
oh
and
o
ox2
¼ sin h o
or
þ cos h
r
o
oh
: ð230ÞAppendix D. Asymptotic antisymmetric solution corresponding
to s = 3/2 (mode-II)
Polar components
x3 ¼ 
ﬃﬃ
r
‘
r
B2  4ð1 mÞB1 sin2 h2
 	
cos
h
2
; ð231Þ
srr ¼ E8ð1þ mÞð1 2mÞ
ﬃﬃ
r
‘
r
fð1 2mÞB1  8B2
 ð1 2mÞB1½4 cos hþ ð37 32mÞ cos 2hg sin h2 ; ð232Þshh ¼ E8ð1þ mÞð1 2mÞ
ﬃﬃ
r
‘
r
f15ð1 2mÞB1  8B2
þ ð1 2mÞB1½20 cos hþ ð37 32mÞ cos 2hg sin h2 ; ð233Þsrh ¼ E8ð1þ mÞð1 2mÞ
ﬃﬃ
r
‘
r
B1f31 32m 4ð15 16mÞ cos h
þ ð37 32mÞ cos 2hg cos h
2
: ð234Þ
The corresponding polar components of e, j^ and l^ are determined
from (201), (204) and (210).
Cartesian components
u1 ¼  ‘12
r
‘
 3=2
fð7 16mÞB1  8B2  4½ð7 4mÞB1 þ 4B2
 cos hþ 3B1 cos 2hg sin h2 ; ð235Þ
u2 ¼  ‘12
r
‘
 3=2
fð41 48mÞB1 þ 8B2  4½ð13 12mÞB1
 4B2 cos hþ 3B1 cos 2hg cos h2 ; ð236Þ
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ﬃﬃ
r
‘
r
ð21 32mÞB1½
þ 8B2
1 2m B1ð11 cos hþ cos 2hþ cos 3hÞ
	
sin
h
2
; ð237Þ
s22 ¼  E8ð1þ mÞ
ﬃﬃ
r
‘
r
½ð37 32mÞB1  8B21 2mþ B1ð5 cos h
 cos 2h cos 3hÞ sin h
2
; ð238Þ
s12 ¼ E2ð1þ mÞ
ﬃﬃ
r
‘
r
B1ð4 3 cos hþ cos 2hÞ cos3 h2 : ð239Þ
The corresponding Cartesian components of e, j^ and l^ are deter-
mined from
eij ¼ 12
oui
oxj
þ ouj
oxi
 
; j^ijk ¼ oejkoxi and l^ijk ¼ ‘
2 osjk
oxi
; ð240Þ
with
o
ox1
¼ cos h o
or
 sin h
r
o
oh
and
o
ox2
¼ sin h o
or
þ cos h
r
o
oh
: ð241ÞAppendix E. The true stresses and couple-stresses
Mode-I polar components
rrr ¼ E48ð1 m2Þ
‘
r
 3=2
½3ð7 4mÞA1  2ð5 4mÞA2
 ð15 8mÞð3A1  2A2Þ cos h cos h2 ; ð242Þ
rhh ¼ E48ð1 m2Þ
‘
r
 3=2
½3ð5 4mÞA1  2ð7 4mÞA2
 ð9 8mÞð3A1  2A2Þ cos h cos h2 ; ð243Þ
rrh ¼ E48ð1 m2Þ
‘
r
 3=2
½3ð3 4mÞA1  2ð5 4mÞA2
þ ð5 8mÞð3A1  2A2Þ cos h sin h2 ; ð244Þ
rhr ¼  E48ð1 m2Þ
‘
r
 3=2
½3ð5 4mÞA1  2ð3 4mÞA2
þ ð11 8mÞð3A1  2A2Þ cos h sin h2 ; ð245Þ
lr3 ¼
E‘
24ð1 m2Þ

ﬃﬃ
‘
r
r
ð3A1  10A2Þ sin h2þ ð1 4mÞð3A1  2A2Þ sin
3h
2
 	
;
ð246Þ
lh3 ¼
E‘
24ð1 m2Þ

ﬃﬃ
‘
r
r
ð3A1  10A2Þ cos h2þ ð3 4mÞð3A1  2A2Þ cos
3h
2
 	
:
ð247ÞMode-I Cartesian components
r11 ¼ E96ð1 m2Þ
‘
r
 3=2
½3ð13 8mÞA1  2ð17 8mÞA2 cos 3h2

þ3ð3A1  2A2Þ cos 7h2

; ð248Þ
r22 ¼ E96ð1 m2Þ
‘
r
 3=2
½3ð11 8mÞA1  2ð7 8mÞA2 cos 3h2

3ð3A1  2A2Þ cos 7h2

; ð249Þ
r12 ¼ E96ð1 m2Þ
‘
r
 3=2
½3ð7 8mÞA1  2ð3 8mÞA2 sin 3h2

3ð3A1  2A2Þ sin 7h2

; ð250Þ
r21 ¼ E96ð1 m2Þ
‘
r
 3=2
½3ð9 8mÞA1  2ð13 8mÞA2 sin 3h2

þ3ð3A1  2A2Þ sin 7h2

; ð251Þ
l13 ¼ 
E‘
12ð1 m2Þ
ﬃﬃ
‘
r
r
½6mA1  4ð1þ mÞA2 þ ð3A1  2A2Þ
 ðcos hþ cos 2hÞ sin h
2
; ð252Þ
l23 ¼
E‘
12ð1 m2Þ
ﬃﬃ
‘
r
r
½6ð1 mÞA1  4ð2 mÞA2 þ ð3A1  2A2Þ
 ðcos 2h cos hÞ cos h
2
: ð253Þ
Mode-II polar components
rrr¼ E6ð1þmÞ
‘
r
 3=2
ð74mÞB1 B212mþð158mÞB1 cosh
 	
sin
h
2
;
ð254Þ
rhh¼ E6ð1þmÞ
‘
r
 3=2
ð54mÞB1þ B212mþð98mÞB1 cosh
 	
sin
h
2
;
ð255Þ
rrh ¼ E6ð1þ mÞ
‘
r
 3=2
ð3 4mÞB1 þ B21 2mð5 8mÞB1 cos h
 	
cos
h
2
;
ð256Þ
rhr ¼ E6ð1þ mÞ
‘
r
 3=2
ð5 4mÞB1  B21 2m ð11 8mÞB1 cos h
 	
 cos h
2
; ð257Þ
lr3¼
E‘
3ð1þmÞ
ﬃﬃ
‘
r
r
2ð12mÞB1 B212m2ð14mÞB1 cosh
 	
cos
h
2
;
ð258Þ
lh3 ¼
E‘
3ð1þ mÞ
ﬃﬃ
‘
r
r
2ð1 2mÞB1 þ B21 2mþ 2ð3 4mÞB1 cos h
 	
sin
h
2
:
ð259Þ
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r11¼ E12ð1þmÞ
‘
r
 3=2
ð138mÞB1þ 2B212m
 	
sin
3h
2
þ3B1 sin7h2
 
;
ð260Þ
r22¼ E12ð1þmÞ
‘
r
 3=2
ð118mÞB1 2B212m
 	
sin
3h
2
þ3B1 sin7h2
 
;
ð261Þ
r12¼ E12ð1þmÞ
‘
r
 3=2
ð78mÞB1 2B212m
 	
cos
3h
2
3B1 cos7h2
 
;
ð262Þ
r21 ¼ E12ð1þ mÞ
‘
r
 3=2
ð9 8mÞB1 þ 2B21 2m
 	
cos
3h
2
þ 3B1 cos 7h2
 
;
ð263Þ
l13 ¼ 
E‘
3ð1þ mÞ
ﬃﬃ
‘
r
r
ð1 4mÞB1 þ B21 2m
 	
cos
h
2
 B1 cos 5h2
 
;
ð264Þ
l23 ¼
E‘
3ð1þ mÞ
ﬃﬃ
‘
r
r
ð3 4mÞB1  B21 2m
 	
sin
h
2
þ B1 cos 5h2
 
:
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